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1. Introduction and preliminaries 


The class of Appell sequences is an important class of polynomial sequences and very often 
found in different applications in pure and applied mathematics. Properties of Appell sequences 
are naturally handled within the framework of modern classical umbral calculus by Roman [9]. 
The classical Bernoulli polynomials Bn{x), the classical Euler polynomials E„(x) and the classi¬ 
cal Genocchi polynomials G„(x), together with their familiar generalizations B^\x), E^\x) 
and G^^\x) of (real or complex) order m, belong to the class of Appell sequences. 


The polynomials B^^\x), E^\x) and G^\x} are defined by the following generating 
functions mm- 

j. OO -f-EL 

(inn) = 




n=0 

oo 


e* -I- 1 
2t 


e* -I- 1 


n=0 

oo 


e" = 


1*1 

n! 


< vr. 


( 1 . 2 ) 

(1.3) 


n=0 


It is easy to see that Bn{x), En{x) and Gn{x) are given, respectively, by 

R(i)(x) = R„(x); eW(x) = En{x)-, G«(x) = G„(x), n G No := N U {0}. 
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Some interesting analogues of the classical Bernoulli and Euler polynomials were first in¬ 
vestigated by Apostol [T] and further studied by Srivastava m- 


Luo and Srivastava [7] introduced the Apostol Bernoulli polynomials of order m € No, 
denoted by A), A G C, which are defined by the generating function 

/ i" \ 

1^1 < when A = 1; |t| < |logA|, when A / 1, (1.5) 

n=0 

with 

= ( 1 . 6 ) 

The Apostol Euler polynomials of order m G No, denoted by A), A tl C are intro- 

duced by Luo [S] and are defined by the generating function 


V Ae* -h 1 



^ 4.71 

j;£(r)(x;A)-, |t| < |log(-A)|, 


(1.7) 


with 


G:(r)((r;l) = E(“)(x). (1.8) 

Further, Luo [6] introduced the Apostol Genocchi polynomials of order m € No, denoted 
by A), A € C, which are defined by the generating function 


2t 


Ae* + 1 


e^t = 


4.n 

^^^)(x;A)-, |t| < |log(-A)|, 
n! 


(1.9) 


n=0 


with 


ei'”>(rt;l) = Glrl(y). 


( 1 . 10 ) 


Recently, Luo and Srivastava [8] introduced a unification (and generalization) of the above 
mentioned three families of the Apostol-type polynomials. 

The Apostol type polynomials (a G N, A,//,i/ G C) of order m, are defined 

by means of the generating function 


2^ t'^ 
Ae* + 1 




4-11 

|t| < |log(-A)|. 
n! 


n=0 


In fact, from equations (1.5), (1.7), (1.9) and (1.11), we have 

(-l)™4™)(x;-A;0,l)=®(r)(x;A), 
4-)(x;A;l,0) = eM(x;A), 
jl-)(x;A;l,l)=a^)(x;A). 


( 1 . 11 ) 

( 1 . 12 ) 

(1.13) 

(1.14) 


Recently, Khan at el introduced the 2-variable Apostol type polynomials, denoted by 
o^^\x,y]\-, by combining the 2-variable general polynomials pn{x,y) [3] as base with 
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Apostol type polynomials F^\x;X] which are defined by the generating function of the 
form [4j: 


Ae* + 1 




n=0 


n! 


(1.15) 


Symmetry identities for the generalized Apostol Bernoulli polynomials Qsi™'^(a:;A) and 
generalized Apostol Euler polynomials involving generalized sum of integer powers 

Sk{n,X) and generalized sum of alternative integer powers Aik{n,X) are derived in [T3] . 


Now, we recall the following definitions which will be used in proving the results: 


Definition 1.1. For each A: G Nq, the sum Sk{n) 


the generating relation 

fc =0 


n 

= ^ is known as the power sum defined by 
i=0 


g(n+l)t _ 2 

e* - 1 


(1.16) 


Definition 1.2. For an arbitrary real or complex A, the generalized sum of integer powers 
5fc(n,A) is defined by the generating relation [13] : 


We note that 


^5fc(n, A) 

k=0 


k\ 


^g(n+l)t _ ^ 

Ae* — 1 


Sk{n, 1) = S'fc(n). 


(1.17) 

(1.18) 


Definition 1.3. For each k G Nq, the sum Mk{n) = 
integer powers defined by the generating relation 


n 

^ is known as the sum of alternative 

i=0 




tk 1 _ (_et)(n+l) 


^ TT = 


A:=0 


k\ 


e* + 1 


(1.19) 


Definition 1.4. For an arbitrary real or complex A, the generalized sum of alternative integer 
powers A4k{n, A) is defined by the generating relation [13] : 



“ fk 1 _ \(_pt\in+l) 

k=0 

(1.20) 

We note that 

Mk{n, 1) = Mfc(n). 

(1.21) 

Also, for even n, 

we have 



7? 

II 

1 

(1.22) 


Motivated by the above mentioned work on symmetry identities for 1-variable Apostol 
polynomials and due to the importance of the 2-variable forms of the special polynomials in this 
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paper, we derived symmetric identities for the 2-variable Apostol type polynomials. Symmetric 
identities for certain members belonging to this family are also obtained. 


2. Symmetric identities for 2-variable Apostol type polynomials 


In this section, we derive several symmetric identities for the 2-variable Apostol type poly¬ 
nomials. For this we prove the following theorems: 

Theorem 2.1. For all integers c > 0, d > 0, n > 0, m G N, A, /r, G C, the following symmetry 
identity for the 2-variable Apostol type polynomials piF^\x, y; X] ji, n) holds true: 

(fc) E a ; v) 

E (fc) cy; A; y, v) ^ Q Si{d - I-{dX, dY- A; /r, n). (2.1) 


fc =0 

Proof. Let 


G{t) := 


l)e^dXtcdt) 


( 2 . 2 ) 


(Ae'^* + l)™(Ae‘^* + I)'" 

Since the expression for G{t) is symmetric in c and d, we can expand G{t) into series in 
two ways, to obtain 


G{t) = 


1 




If + U \ ^ 


e<^^^^f>{y,cdt) 


C^m^v{m-l) y Xgct y l 

1 / 2^^{ctY ^ 


2f^d’^r /Ae^'^* + 1 


Ae'^* -t 1 


y XgCty 
oo 


Xe^^ + 1 

1 / \ m—\ 


^cdxt^^Y^ cdt) 




1 


qUttl ^i/(m—l) 


Y r-h’"* (<J*. <*!/; .'l M. 0 )(X]‘®'(““'’“'')^ 


(dt)‘ 


n=0 


/=0 


Y,pX^r~^\cX,cY-X;yi,v) 


k=Q 


(JY 

k\ r 


which on using [121 p.890 Corollary 2] gives 

0«) (()s,(c- 1;-A) 

n=0 k=0 ^ ^ ;_n V / 


')(cA,cy;A;y,z.) 

In a similar manner, we have 


J re! 


(2.3) 
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G{t) = 


I X^dt I 


2 ^^{dtYY cdxt^r 

—— e (j){cy, dt) 


^gCdt^lX /2A‘(ct) 


Ae^* + 1 / V Ae'=* + 1 


\ m-l 


ct) 


dy^d' 


cy; A; y, -)^) ( E S<(<i - li -A)^ 




= £ [ E (fc) cy; A; y, u) (^)<SKd - 1; - A) 

n=0 k=0 ^ ^ 1=0 ^ ^ 

-\ fTl 

p4Yi^\dX,dY;X-,y,Y\^. (2.4) 

Equating the coefficients of same power of t in r.h.s. of equations (2.3) and (2.4), we are 
led to assertion (2.1). 

Theorem 2.2. For each pair of positive integers c, d and for all integers n > 0, m G N, A, y, z/ G 
C, the following symmetry identity for the 2-variable Apostol type polynomials {x, y; A; y, v) 

holds true: 

n / \ c—1 d—1 1 


ft / \ c—1 a—L j 

E ( J E dy; A; y, u)pXt'^ [cX + ^j, cY; A; u) 

k=0 ^ ^ 2=0 j=0 

n y \ d—1 c—1 , 

E ( J E {cx + ^i, cy- A; y, za),4-) (dX + -j, dY; A; y, u) . (2.5) 

u—n V / ,_n d—n ^ 


/c=0 ^ ^ 2=0 j=0 


Proof. Let 


if(t) := 


22 um^ 2 um^cdxt^^y^ cdt){Xe^^^ + l)(A'^e‘="'‘ + l)e^^^^(t){Y, cdt) 
(Ae'"* + l)"^+i(Ae'^* + 1)"^+^ ' 


Since the expression for H{t) is symmetric in c and d, we can expand H{t) into series in 
two ways, to obtain 


m = 




^urndym \ ygrf l 


e‘^'^^V(y, cdt) 


Xc^cdt + U / 


' + 1 
. Ae'=* + 1 


Qumfjym 




QL'rtifJym 


c—1 oo y , \ 

(dx + -i,dy]X]n,v\ 

n n V / 


i=0 n=0 
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(cX + Ecy;A;^,-^ 


^i=0 n=0 

1 ^ 


Qunifjum 


n=0 k=0 


d-" 

c—1 d—\ 


n\ 


EE( 


i=0 j=0 


dx H— i, dy; A; u, v 
c 
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n\ 


In a similar manner, we have 
1 


H{t) = 


oo n / \ d—1 c—1 

n 


Qum^vm 


n=0 fc=0 

d 


E E (2) E ^ 


i=0 j=0 




C 


pT^^l(dX + -J,dY-,X;y,u 


n\ 


(2.7) 


( 2 . 8 ) 


Equating the coefficients of same power of t in r.h.s. of equations (2.7) and (2.8), we are 
led to assertion (2.2). 


By taking suitable values of the parameters in equation (2.1) and (2.5) and in view of re¬ 
lations (1.12)-(1.14), we can find the symmetric identities for other mixed special polynomials 
related to pF^\x, y; A; y, v). We present the symmetric identities for these polynomials in the 
following table: 


Table 2.1. Symmetry identities for the special cases of the 2VATP pX^\x,y] X; y,^). 


s. 

Values of 

Relation between 

Name of the 

Symmetry identities of the resultant special polynomials 

No. 

the para¬ 

the 2VATP 

resultant 




meters 

(a:, y; A; fi, v) 

special 





and its special case 

polynomials 




A ^ -A 

(-l)m 

2-variable 

£ (k' 

)c"-'=d'' + '=p»!y’ A) E (5^) 5, (c - 1; A)p» , ^'(cX, cV; A) 





fc = 0 ^ ' 


■ 

Ai = 0 

pxY‘\^,y, 0,1) 

Apostol 

II 

+ cy; A) •Si (d - 1; A)p»(™-l)(dX, dY ■, A) 


u = 1 

= p’siT'X^.y, 

Bernoulli 

H 



polynomials 

E (2 

) E E(-l)*+'^ (-A)‘+^'c'=d'*-'=p»(r' [dll + f i. dy, \)p<sir'> (cX + f j. cV; a) 






■ 



(2VABP) 

£ (k 

) ‘*E^^°f;Vl)*+h-^)*+^d*’c"-'=p»(y‘)(ca:+ §i, cj/; a) p»(T* (dX + 

II. 

fi ^ 1 

pxY'\^,y, 1.0) 

2-variable 

£ (J 

fc = 0 

)c”'-'^d‘' + t^pli<;^\(dx, dy, A) (?)Xi(c - 1; \)pei”Y^'’(cX, cV; A) 


1^ = 0 

= peir'\x,y; \) 

Apostol 

II 

(")d"-*^c‘' + *^pe;,”;;'^(c:!:,ca;A) (() A1, (d - 1; A)p€(^” “ "’(dX. d V; A) 




Euler 






polynomials 

E (2 

) E A‘+^'c'=d'*-'=pe^'”) (d;c +ii, dy, A)p€^'”> (cX + 4j. cV; a) 

i = 0 i = 0 V \ / 









(2VAEP) 

£ (k 

) ‘*E^°f;\-l)*+^'A*+3d*^c"-'=pg(,”‘)(ca:+ | i. cy; a) p €$,”*> (dX + ii,dY-,\) 

III. 

fi ^ 1 

1,1) 

2-variable 

E ik 

)c"->=d‘' + ’^‘pgl^\(dx, dy. A) (f)Mt(c - 1; A)pS(”"^hcX. cV; A) 





k = 0 ^ 


u = 1 

^ pOir^^ y\ '^) 

Apostol 

- E ( 

(;;)d"-*^c‘' + *^pe(,“>^(ca:.caiA) (t)A1,(d- 1; A)p6(7r"A<iV.dVi A) 





fc=0 




Genocchi 






polynomials 


) E A‘+^'c'=d'*-'=pSi’"> (da: + |i, dy; A)pel'”> (cX + §j, cY; a) 




(2VAGP) 

.4® 

) E °f:\-l)*+"'A*+^'d‘^c"-*^pS^™> (ca: + f i, cy; A)pSl'”) (dX + |j, dV; a) 
i = 0 3 = 0 \ <^ / \ ^ / 
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Note. We note that for A = 1, the results derived in Table 2.1 for the 2VABP ?/; A), 

2VAEP (x, y; A) and 2VAGP (x, y; A) give the corresponding results for the 2-variable 
Bernoulli polynomials (2VBP) (of order m) pB^\x,y), 2-variable Euler polynomials (2VEP) 
(of order m) pE^\x,y) and 2-variable Genocchi polynomials (2VGP) (of order m) pG^\x,y), 
respectively. We present these results in the Table 2.2: 


Table 2.2. Symmetry identities for the pB^\x,y), pE^\x,y) and pG^\x,y). 


s. 

No. 

Relation between 
the special 
cases 

Name of the 
resultant 
special 
polynomials 

Symmetry identities of the resultant special polynomials 

I. 

1) 

= pSli^ha:, y) 

2-variable 

Bernoulli 

polynomials 

(2VBP) 

of order m 

= p^ {t)d"-'‘c^ + '‘pBp:\(cx,cy) p^ (?)Si(rf - l)pBp:Y^hdX,dY) 

P^ (fc) “"p p + dy)pBi"^^ (cX + §i, cV) 

= E (fc) fi.cylpSi^TdX + li, dv) 

fe=0 ^ ' i=0 j=0 ^ ^ ' 

II. 

peir^\x,y, 1) 

= pE^\x, y) 

2-variable 

Euler 

polynomials 

(2VEP) 

of order m 

P^{l)c^-’‘<i''*^pEp_\{d:p,dy) p{PlMi{c - \.)pEpp\cX,cY) 

= p^ {t)d"-'‘c^ + '‘pEp\(cx,cy) p (5^)M,(d- l)pB<™-l)(dX,dV) 

E (i) °E^'^E^c''d'*-''p£i’”Vda:+ p,dv)pEir''’ (cX + ^j,cY) 

= p^ (fc) "^E^ ‘^p d>‘c^-'‘pE^'"^ p + f i, cy)pBp^ (dX + p, dY) 

III. 

pO^\x,y,l) 

= y) 

2-variable 

Genocchi 

polynomials 

(2VGP) 

of order m 

E (t)c"~'’d‘' + '‘pGp\(dx,dy) ^ ('i)Mi(c-l)pGp'['^\cX,cY) 

k=0 ^ ' 1=0^ ' 

= p^ {l)d"-'‘c'' + ’^pGpX{cx,ay) pp)Mi(d - l)pGpp\dX, dY) 

E il) c>=d”-^pGp''>(dx+ p,dy)pGp''> (cX + P,cY) 

= p^ (fc) "^E^ °E^ d’‘c'<'-’‘pGp''> p +%i, cy)pGp'’ {dX + |j. dY) 


Note. We note that for m = 1, the results derived above for the 2-variable Bernoulli polynomials 
(2VBP) (of order m) pB^\x^y), 2-variable Euler polynomials (2VEP) (of order m) pE^\x,y) 
and 2-variable Genocchi polynomials (2VGP)(of order m) pG^^\x,y) give the corresponding 
results for the 2-variable Bernoulli polynomials (2VBP) pBn{x,y), 2-variable Euler polynomials 
(2VEP) pEn{x,y) and 2-variable Genocchi polynomials (2VGP) pGn{x,y). 

In the next section, symmetry identities for certain members belonging to the 2-variable 
Apostol type polynomials are obtained. 


3. Symmetry identities for certain members belonging to 2-variable 
Apostol type polynomials 

Gertain members belonging to the 2VATP pEii^\x,y] X; family are considered in [3]. 
These special members are obtained by making suitable choice for the function (p{y, t) in equa- 
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tion (1.15). 


We recall that by taking (j){y,t) = (for which the 2VGP pn{x,y) reduce to the Gould- 
Hopper polynomials (GHP) Hn \x,y)) in the l.h.s. of generating function (1.15), we get the fol¬ 
lowing generating function for the Gould-Hopper Apostol type polynomials {x, y; A; y, u) 

m- 


71=0 


(3.1) 


Consequently, by taking <f){y^ cdt) = in equation (2.2) and proceeding on the same 

lines as in Theorem 2.1 and Theorem 2.2, we get the following consequences of Theorem 2.1 and 
Theorem 2.2. 


Corollary 3.1. For all integers c > 0, d > 0, n > 0, m € N, X, € C, the following 
symmetry identity for the Gould-Hopper Apostol type polynomials jj(s)F^\x,y; X] y,^) holds 
true: 

jz (!) J-S(dx, d^y- A; y, i^) E (/) (cX, cW; A; y, u) 

= jz it) H E (^ ) (dX, d^r-x- y, u). 

k=0 ^ ^ 1=0 ^ 

(3.2) 

Corollary 3.2. For each pair of positive integers c, d and for all integers n > 0, m € 
N, X, y,^ £ C, the following symmetry identity for the Gould-Hopper Apostol type polynomials 
holds true: 

c—1 d—1 


IL / \ c—± a—X 7 

E ( J E {dx + -i, d^y, A; y, u) 4”*) (cX + ^j, cW; A; y, u) 

k =0 ^ ^ 2=0 j =0 

n / \ d—1 c—1 1 

E ( J E E(-l)*+'4-) (cx + 4, Hy, A; y, {dX + -j, d^Y- A; y, u 

i.—n V / .,_n A—n ^ 


k=0 ^ ' 2=0 j=0 


(3.3) 


By taking suitable values of the parameters in equation (3.2) and (3.3) and in view of 
relations (1.12)-(1.14), we can find the symmetric identities for other mixed special polynomials 
related to jj(B)F^\x,y, X; y,^). We present the symmetric identities for these polynomials in 
the following table: 


Table 3.1. Symmetry identities for the Special cases of the GHATP (x, y; A; y, u) 
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s. 

No. 

Values of 
the para¬ 
meters 

Relation between 
the GHATP 

(a:, h; A; (j, !/) 

and its special case 

Name and Symmetry identities of the resultant special polynomials 

I. 

A ^ -A 

fx = 0 

u = 1 

(-l)m 

Gould-Hopper Apostol Bernoulli polynomials 

+ d‘y, X) (t)Sl(c - 1; X)^^,^‘sYlY\cX, c‘Y-, X) 

= (t)^, (d - 1; (dX, d‘Y-, X) 

E^ [1) °E ^eVi)‘+" sir' [dx + d^y, <8lr> (cX + c“y; a) 

E^ (J) ^E °E (-1)*+" (-A)-+Jd'“c'‘-''^(,) (crc + §i. c‘y, a) <8^ {dX + f J. d‘Y-, x) 

II. 

^ l: 

II II 

O (-• 


Gould-Hopper Apostol Euler polynomials 

E^ (j)c"-'“d‘' + '=^(,) d‘y, A) (t)Ali(c - 1; A)^(,) 4kY\cX, .‘Y-, A) 

= E^ (Dd^-'^c-'+y^^B) ‘^'‘y. A) E^ (t)- i; (dx, d^Y-, x) 

E^ (fc) 'e ^eVi)‘+" (da: + di, d‘y, A)^(,) [cX + c-V; a) 

E^ (fc) ^E °E (-1)'+" e4"> (ca: + §i. y, a)^( 3 ) e4"> {dX + ij, d‘‘Y-, x) 

III. 

fi ^ 1 

u = 1 

= H(B)SL"'\=o,yX) 

Gould-Hopper Apostol Genocchi polynomials 

E^(j)c"-'“d‘' + '=^(,)eM (dx.d-’yiA) E^()^)Ad,(c-l;A)^(,)e(™,-lhcX.c'*y;A) 

= E^ (2)rf"""'=‘'+''H(«) A) E^ 4)Mi{d - 1; d^-Y, A) 

E^(fc)°E ^EVl)‘+"A*+Jc'“d"-'“^(,)Si'">(da:+ |i.d'>y;A)^(,)ei'"> (cX + f j, c^V; a) 

E^ {1) ^E °E (-1)*+" A-+Jd'“c'‘-'“^(,) si™) (ca: + §i, c-;,; a)^(,) si™' (dX + ij, d‘Y-, x) 


Note. We note that for A = 1, the symmetry identities derived above for the GHABP y, A), 

GHAEP jj(s) (x, y; A) and GHAGP jj(s) {x, y; A) give the corresponding identities for the 
Gould-Hopper Bernoulli polynomials (GHBP) (of order m) ^{s)B^\x,y), Gould-Hopper Eu¬ 
ler polynomials (GHEP) (of order m) fj{s)E^\x,y) and Gould-Hopper Genocchi polynomials 
(GHGP) (of order m) ^(s)G^\x,y), respectively. Again, for m = 1, we get the correspond¬ 
ing identities for the Gould-Hopper Bernoulli polynomials (GHBP) jj(s)Bn{x,y), Gould-Hopper 
Euler polynomials (GHEP) fj(s)En{x,y) and Gould-Hopper Genocchi polynomials (GHGP) 
H(‘’)^n{x, y)- 


Next, by taking </>(?/,t) = Co{—yE) (for which the 2VGP Pn{x,y) reduce to the 2-variable 
generalized Laguerre polynomials (2VGLP) sLn{y,x)) in the l.h.s. of generating function (1.15), 
we get the following generating function for the 2-variable generalized Laguerre Apostol type 
polynomials {x,y; X] [1] : 



Consequently, by taking 4>{y,cdt) = Co{—y{cdtY) in equation (2.2) and proceeding on the 
same lines as in Theorem 2.1 and Theorem 2.2, we get the following consequences of Theorem 
2.1 and Theorem 2.2. 
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Corollary 3.3. For all integers c > 0, d > 0, n > 0, m G N, X, ^, 1 / £ C, the following symmetry 
identity for the 2-variable generalized Laguerre Apostol type polynomials ^LiF^\x,y; X; p,,^) 
holds true: 


(3.5) 

Corollary 3.4. For each pair of positive integers c, d and for all integers n > 0, m G N, X,p,,u£ 
C, the following symmetry identity for the 2-variable generalized Laguerre Apostol type polyno¬ 
mials y; A;/U, z/) holds true: 


n / \ c—1 d—1 1 

k=0 ^ ^ j=0 

n y \ d—1 c—1 j 

E (J E • 

;—n V A .—n ^—n ^ 


k=0 ^ ^ i=0 j=0 


(3.6) 


By taking suitable values of the parameters in equation (3.2) and (3.3) and in view of 
relations (1.12)-(1.14), we can find the symmetric identities for other mixed special polynomials 
related to ^LiF^\x, y; A; /a, u). We present the symmetric identities for these polynomials in the 
following table: 


Table 3.2. Symmetry identities for the Special cases of the 2VGLATP (a:, y, A; fi, v) 


s. 

No. 

Values of 
the para¬ 
meters 

Relation between 
the 2VGLATP 

ehXlT'fy.X', M. I') 

and its special case 

Name and Symmetry identities of the resultant special polynomials 


A -)• -A 

pL = 0 

U = 1 

(-1)- 

^Lxlr\y,x-, -A;0, 1) 

= gL‘siF\y,x', >') 

2-variable generalized Laguerre Apostol Bernoulli polynomials 

E {t)c’'-’=d-' + \[^<Bf2.\(d‘’y^dx-,X) p (5’)5i(c- l;A)^i,»<™7l)(c'>V,cX;A) 

= {l)d''-^c‘' + >= ^L<sftl\(c‘’y,cx;\) (i)'Si(d- 1; A)^ i,» V dV; A) 

(fc) (d^y, dx + ji; A)^i,»(r’ (c'^V cV + f j; a) 

E (f) ‘'e' °E\-l)*+h-A)*+-^d'“c’‘-'“^i»<r> (c‘y, cx + f i; {d‘Y, dX + f j; a) 

k=0^F=0j=0 ^ d ya y C ) 

II. 

II II 

O (-• 

,LX^"'>(y,^-,^-A,o) 

2-variable generalized Laguerre Apostol Euler polynomials 

E (fc)c”-'‘d"+\l,ei'l'jd'’!/,d^;A) E (5^) V(,(c - l; A)^ie<™7l)(c'>V, cX; A) 

fc=0 ^ ' Z=0 ^ ' 

= P^ (fc)d"-'‘c''+‘^3i,ei-fc(='’z'''=‘^:^),E ())Ad,(d- i;A)3j:,e(’;!r^hd'’VdX;A) 

E (f) °e' V(-1)‘+" (d%, dx + A)^i,€^'”> (c'>y, cX + a) 

fc=0 ^ ^ i=0 3=0 s V CSV A 

P^ {1) “^E^ °E (-1)*+"'A>+^(c-'y, crc + §i; x),Lei"^'’ (d‘r, dX + ij-, a) 
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III. 

fj. ^ 1 


2-variable generalized Laguerre Apostol Genocchi polynomials 



u = 1 


£ ii 

+ da:-, A) £ {f) - 1; 

{c^Y, cX; A) 




fe = 0 ^ 





= E 

+ (c‘=y,cx;A) E (AA1,(d-l;A)^iS(’"- 

<iV;A) 




fc = 0 







' i=oj=o X 

[c^Y,cX+%r,\) 





(c‘y, ca: + §i; 

1=0 j = 0 ^ ' 

(d‘Y, dX + ij-, a) 


Note. We note that for A = 1, the symmetry derived above for the 2VGLABP A), 

2VGLAEP X) and 2VGLAGP ^LQ^\x,y,X) give the corresponding identities for 

the 2-variable generalized Laguerre Bernoulli polynomials (2VGLBP) (of order m) 

2-variable generalized Laguerre Euler polynomials (2VGLEP) (of order m) ^LE^\x,y) and 
2-variable generalized Laguerre Genocchi polynomials (2VGLGP) (of order m) ^LG^^\x,y), re¬ 
spectively. Again, for m = 1, we get the corresponding identities for the 2-variable generalized 
Laguerre Bernoulli polynomials (2VGLBP) y), 2-variable generalized Laguerre Euler 

polynomials (2VGLEP) ^iEn{x,y) and 2-variable generalized Laguerre Genocchi polynomials 
(2VGLGP) ,LG„(x,y). 

Similarly, by taking ct){y,t) = (fo'^ which the 2VGP pn{x,y) reduce to the 2-variable 

truncated exponential polynomials (2VTE) en\x,y)) in the l.h.s. of generating function (1.15), 
we get the following generating function for the 2-variable truncated exponential Apostol type 
polynomials ^(r)E^\x,y;\-, y,u) [1]: 



Gonsequently, by taking cj){y, cdt) = in equation (2.2) and proceeding on the same 

lines as in Theorem 2.1, we get the following consequence of Theorem 2.1. 


Corollary 3.5. For all integers c > 0, d > 0, n > 0, m G N, A, i/ G C, the following symmetry 
identity for the 2-variable truneated exponential Apostol type polynomials ^(r)E^\x,y, X; 
holds true: 

EE (r) l;-A),M7-((:-')(cA,c^y;A;/x,z.) 

k=o 1=0 ^ X \ / 

fc) (/) h, ^)Si{d - 1; -A),m (dA, dfY- A; p, u). 

k=o 1=0 X / \ y 


(3.8) 


Corollary 3.6. For eaeh pair of positive integers c, d and for all integers n > 0, m G N, X,p,v^ 
C, the following symmetry identity for the 2-variable truncated exponential Apostol type polyno- 
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mials ^(r)T^\x,y; X; holds true: 

c—1 d—1 


II / \ c—X a—1 7 

E ( J E ^"2/; A; ;U, I/),m4-) (cX + y, c’-y; A; ^u, i/) 

fc=0 ^ ^ i=0 j=0 

n y \ d—1 c—1 1 

E (J E + /’ "'y; ^) ewE”^^ (^x + -j, d^Y-, a; m, i.). 

k = 0 A A j_Q j_g 


(3.9) 


By taking suitable values of the parameters in equation (3.2) and (3.3) and in view of 
relations (1.12)-(1.14), we can find the symmetric identities for other mixed special polynomials 
related to ^(r)lF^\x,y; X; iJ,,iy). We present the symmetric identities for these polynomials in 
the following table: 


Table 3.3. Symmetry identities for the Special cases of the 2VTEATP ^(r)J-^\x, y; A; //, u) 


s. 

No. 

Values of 
the para¬ 
meters 

Relation between 
the 2VTEATP 

^(r')Xi”'hx, y; y, i/) 

and its special case 

Name and Symmetry identities of the resultant special polynomials 


A -j- -A 

fx = 0 

u = 1 

(-1)” 

= ^(r) V, >') 

2-variable truncated exponential Apostol Bernoulli polynomials 

‘‘"'y: (()-Si(c - 1; c^Y-, A) 

= c-y, A) (t)^^^ - 1; A),M siHr'AdV. d-Y-, A) 

E (1) °E V(-l)*+'^ (-A)‘+^c'“d"-'“ (,,) (dx +ii, d^y, A) (,,) (cV + %j, c’-y; a) 

^E^ {l) V °E\-l)*+h->)‘+"dy”“'‘^M (c^ + %i. c’'a; A)^(r) {dx + d'-y; a) 

II. 

II II 

O (-• 


2-variable truncated exponential Apostol Euler polynomials 

(j) '="”'‘'i‘' + '“eM '^^rX^dx, d'-y A) - 1; A)^(,,) c^Y-, A) 

= (2) >-) E^ {f)Mi{d - 1; A)^(,) s(™7i)(dx, d’-y; A) 

^E^ (fc) °E ‘^eVi)*+'^ A*+^ c'“d"-'“^(,,) (dx +ii, d’-y, A)^(,,) (cX + f j, c’-y; a) 

(k) ^E °E (-1)*+-^ A*+^d'“c"-'=^(,) eir'> (cx + §i, c’-y; x) j,) e^^'> (dX + ij, d'-Y-, \) 

III. 

fi ^ 1 

u = 1 

= e(r) Sir'hx,y,\) 

2-variable truncated exponential Apostol Genocchi polynomials 
(fe)'="”'‘'i‘' + ^M S‘'^Wx, d^y A) E^ (c - 1; A)^(,,) 

= p^{l)d’'-’‘c'' + y^^^y 6i’li(c^,c’'y;A) E^(()Ad,(d- 1;A)^(,,) (dX, d’'y; A) 

^E^ (fc) °E ^eVi)'+^ sl”*) (d^ + f i, d-a; A)^(,) sl™’ (cX + c^Y; a) 

(fc) '^E °E (-1)*+-^ A*+^ d'“c»-'=^(,.) 51”“) (ca; + §i, c’-y; a)^(,,) sl™’ (dX + d^y; a) 


Note. We note that for A = 1, the symmetry derived above for the 2VTEABP ^(r)^l^\x, y; A), 
2VTEAEP g(r)^n™'^(x,y; A) and 2VTEAGP ^(r)Ql^^\x,y, X) give the corresponding identities for 
the 2-variable truncated exponential Bernoulli polynomials (2VTEBP) (of order a) ^(r)B^\x, y), 
2-variable truncated exponential Euler polynomials (2VTEEP) (of order m) ^(r)E^\x,y) and 
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2-variable truncated exponential Genocchi polynomials (2VTEGP) (of order m) ^(r)G^\x,y), 
respectively. Again, for m = 1, we get the corresponding identities for the 2-variable truncated 
exponential Bernoulli polynomials (2VTEBP) Bn{x, y), 2-variable truncated exponential Eu¬ 
ler polynomials (2VTEEP) ^(r)En{x,y) and 2-variable truncated exponential Genocchi polyno¬ 
mials (2VTEGP) ^(r)Gn{x,y). 
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